Particle orbits and the Rosenbluth-Hinton residual zonal flow are evaluated for the case of a strong equilibrium radial electric field ( ) 
Introduction
Zonal flow is the persistent flow observed in many turbulent fluid systems, including laboratory plasmas and planetary atmospheres [1] . In tokamaks, zonal flow is the × E B flow associated with one component of the electrostatic potential: the component which is independent of the toroidal and poloidal angles but which varies rapidly with the radial coordinate. This potential structure is produced by nonlinear beating of drift wave modes. The radial shear of the zonal flow in turn can regulate turbulence and its associated anomalous transport. The amplitude of the zonal flow is determined by a competition between driving and damping processes.
In references [2] [3] have included the effects of collisions [3, 4] , plasma shaping [5, 6] , and short radial wavelengths [7, 8] . The calculation has also been done in nonaxisymmetric geometry [9, 10] . Analytical expressions for the residual, obtained using a large-aspect-ratio approximation, can be used to validate gyrokinetic and gyrofluid turbulence codes. The residual also gives insight into the zonal flow amplitude which can be expected in the presence of turbulence.
Zonal flow is thought to underlie the transport suppression associated with the H-mode pedestal. It is observed in experiments that density scale-lengths in the pedestal can be is the ion gyrofrequency, and p B is the poloidal magnetic field.
Assuming the toroidal flow is subsonic and the poloidal flow is small compared to i p / v B B , then ion radial momentum balance is roughly given by i / r dp dr ZenE ≈ where r E is the radial electric field. It follows that 
Radial electric fields of this magnitude are indeed measured in experiments [11] .
Physical processes will be modified when the electric field is as large as (1) for several reasons. First, the boundary in phase space between trapped and passing particles is significantly shifted [12] , which can be seen as follows. A particle is trapped when its total poloidal motion, the sum of parallel and drift components, is small enough that the mirror force can stop the particle before it reaches the inboard midplane. For [12] turns out to be correct for the case of weak electric field shear ( 1 S → ), but errors were made for 1 S ≠ [15] . These problems are each noted and corrected in the following sections.
In section 2, we calculate the trajectories of particles in the presence of a strong radial electric field. Next, an integral expression for the zonal flow residual is derived in section 3. This expression contains transit averages, which are then evaluated using the trajectories found in section 2. Calculation of the residual also requires several further integrations, which are explained in section 4. The results are discussed in section 5. In section 6, it is shown how the integral expression for the residual can be evaluated numerically, without making a large-aspectratio expansion. We conclude in section 7, further discussing the regime in which the results are valid, noting the equations that may be of particular interest for future calculations in the pedestal regime (1), and summarizing the key results.
Particle Trajectories
We begin by computing the particle orbits for the case of a strong radial electric field (1).
The equilibrium potential φ is taken to be a flux function. The value of φ at the location of a given particle will change during the orbit due to variation in the particle's radial coordinate.
However, we ignore the radial variation of all magnetic quantities over the orbit. We therefore treat I as constant and take ( ) ( ) ( )
Here, 0 B is the value of B when the particle crosses the outboard midplane, so 1 h ≤ .
To evaluate the transit averages which will arise in calculation of the zonal flow residual, we must express θ from (2) in terms of only θ and constants of the motion. To achieve this goal, || v is first eliminated from (2) using * ψ conservation as follows. The canonical angular momentum is written as
The penultimate term above is larger than the final term by midplane. This definition is unique for passing particles, which always have the same ψ when they cross through the B minimum, but not for trapped particles, for which ψ alternates between two values with each crossing. As long as all of the subscript 0 quantities for a given trajectory refer to the larger ψ crossing or all refer to the smaller ψ crossing, it is valid to choose either.
Next, the potential is Taylor-expanded to second order about 0 ψ to obtain ( ) (2), (3), (5), and the derivative of (6), we obtain the following equation for the poloidal dynamics:
where 
After eliminating || v in this relation using (5) we find
where 1 σ = ± . Substituting this result into (7) we obtain ( )
We now consider a large-aspect-ratio model for the magnetic field well by taking 
This expression corrects equation (28) in reference [12] . Note that the two expressions become equal for 0 1 S = . It can be seen from (12) (10) for small ε , namely ( ) 
Transit averages and integral expression
We now derive an integral expression for the residual zonal flow. We begin with the gyrokinetic equation from reference [13] which uses * ψ rather than ψ as an independent variable:
where ( )
, f is the total distribution function, and
and ( ) * T ψ the ion temperature evaluated at the particle location * ψ rather than on the flux surface ψ . The function η is related to the equilibrium density ( ) (15) is linear and θ is given by (2) . For calculation of the residual zonal flow, the potential perturbation δφ is taken to be a flux function. Finite gyroradius effects are not important for this derivation so we have dropped the Bessel function in (15) .
We consider the dynamics of the system over a timescale τ which is long compared to the thermal bounce time th 1 / θ . We therefore expand g as a series in the small parameter ( )
... g g g = + + . The leading order equation gives
The ( ) 1 g term can be annihilated by applying a transit average, which for any quantity A is 
We take the perturbed potential to be described by an eikonal function:
We then eliminate || / v Ω above by using equations (5) and (10) to obtain
Therefore, we can Taylor expand G to obtain ( )
where
All of the quantities in (22) which are not constant during a trajectory are now contained in the P factor, so ||0 * 0 exp .
iP iP iP
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Substituting this result into (19) and integrating in time from 0 − to any positive t gives
where we have taken the system state for 0 t < to be 0 g = and 0 δφ = .
To make further progress, we assume 1 P so the exponentials in (25) can be expanded as ( ) The remainder of the zonal flow analysis follows as in reference [12] , upon making the 
and ⋅ denotes a flux surface average. In (27), M ... f F = + appears because the poloidal gyroradius corrections treated by standard neoclassical theory do not contribute to ℜ . We emphasize that the flux surface average and velocity-space integrations in (27) will be performed at constant ψ , whereas the integrals in the transit averages will instead be performed at constant * ψ .
Using 1 ε , we approximate P P ε ≈ where
Note that this approximation is correct to the leading two orders in ε for both freely passing particles and for trapped and barely passing particles. We then introduce ( )
and ( )
and we note that (
This is the desired integral expression for the residual zonal flow. Note that the quantity Q defined in (30) contains an extra factor of 0 1 / S compared to the quantity Q in reference [12] .
The transit averaged quantities can be written in terms of the complete elliptic integrals of the first and second kinds:
For passing particles, (18) yields
and ( ) ( )
For trapped particles, 0
Calculation of integrals
In the original Rosenbluth-Hinton calculation, the contribution to ℜ from freely passing particles is higher order in the ε expansion compared to the contribution from the trapped and barely passing particles. We proceed by assuming this result also holds in the present strong r E case, since the algebra becomes intractable hereafter if the contribution from freely passing particles is retained. For the rest of this section we will therefore use the orderings appropriate to trapped and barely passing particles: 
Our eventual goal is to express ℜ in terms of flux functions. It is therefore useful at this point to redefine u and S so they become flux functions: u to u we use (10) and φ to be uniform. In this case we can replace 0 S by S with no error.
To evaluate the derivative in the Jacobian (40), we first use (43) and (12) to rewrite (13) as
where ( ) 
Expanding in ε leaves ( ) 
Next, the Maxwellian M f in ℜ contains 2 v , which can be written as
We then expand M f to obtain ( )
To evaluate the real part of ℜ , we do not need to keep the ε correction terms in (46) and (48). Then by combining (12), (32), (35), (36), (38), (40), (46), and (48), the expression we must evaluate becomes ( 
The θ integration in (49) is performed first, using 
The 2 v ⊥ integral which remains can be expressed in terms of the error function.
Switching our consideration now to the imaginary part of ℜ , we must keep the ε correction terms in (46) 
Both sets of curly braces in (53) enclose leading order terms followed by ε corrections. The product of the leading order terms is odd in σ so it vanishes when the sum over σ is performed.
It is this cancellation which forces us to keep the ε correction terms in each set of curly braces.
As with
( )
Re ℜ , the θ integration in (54) is performed first. The ε correction in the last curly brackets of (53), which originated from the L L − in (32), vanishes in this integration.
We are then left with ( 
gives the real part of ℜ , and 
describes the imaginary part. The above two functions are plotted in figure 1 . The function ϒ is even in U , while Λ is odd in U .
For 1 S = , the U dependence of the residual zonal flow (55) is identical to that given in reference [12] . Although the quantitative results differ for 1 S ≠ , the qualitative results discussed in reference [12] remain true. The electric field shear This suppression can in principle result in a positive feedback cycle, as turbulent transport is reduced, the density gradient steepens, and therefore r E is reinforced. Calculation of ℜ for any given U and S takes 5-60 minutes using the quad routine in MATLAB on a typical desktop PC. Figure 2 shows values of ℜ calculated using the preceding procedure. For comparison, the approximate analytical form in (55) is plotted on the same graph.
Numerical integration

Discussion
The numerical results converge to the analytical form (55) as 0 ε → as desired, as shown in figure 2. For the analytical expression to be a good approximation to the finite ε value, ε must be smaller than values relevant to experiment. However, the analytical form is still valuable for validating turbulence codes, since ε in these codes can be made arbitrarily small. Also, qualitative features of the analytical result can be expected to persist at finite aspect ratio. For example, we can generally expect ℜ to have an imaginary part which scales as ( ) ( ) ( ) 
